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LIST OF FREQUENTLY OCCURING SYMBOLS, THEIR MEANINGS AND UNITS ¥

)

Lo I B 3

8

=
o

’

<< =23 W O v 82 8 XN 2o

% 5
RF "bucket"™ area (in longitudinal phase plane ) [see page 314

acceptance in horizontal phase plane** [see page 18} (= area of largeét
acceptance in vertical phase plane** [see page 18] acceptable ellipse/m)
magnetic flux density, in teslas[T], nominal value

length of orbit [m], nominal value
velocity of light [m/s]

electronic charge [C]

max imum energy gain per turn [keV] unless units
total energy of particle [GeV] stated otherwise

rest cnergy of particle [GeV]

accelerating frequenecy [Hz]

revolution frequency [Hz]

asymptotic value of f, reached at § = 1

gradient of magnetic field, in teslas per metre [t~ ]

harmonic number = fa/f

focal constant [m'z]

mass of particle [GeV/cz]

mass of proton [GeV/c®]

field index = ( - po/Bo)(dB/dx)

momentum of particle [GeV/c], nominal value

number of betatron oscillations per revolution

mean orbit radius (= C/27), nominal value, [m] unless stated otherwise
kinetic energy of particle [GeV]

peak accelerating voltage per turn [kV]

*)

**)

In square brackets
With these definitions the available six-dimensional hypervolume

is As = 7 AH AV RA where A is in (Ap/mor) - ¢ coordinates.
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ap momentum compaction factor

a(s) Twiss parameter

B ratio of particle veloecity to that of light (= v/c¢)

pg(s), ﬁH,V betatron amplitude function

T = sin ¢S where ¢S refers to the synchronous particle

y(s) Twiss parameter

4 deflection angle

€ emittance in transverse piane [see page 18] (= area of ellipse/m
€4 horizontal beam emittan:e [see page 18] occupieq by ?eam in
€y vertical beam emittance [see page 18] respective plane)
2] azimuthal angle

u phase shift of betatron oscillation for one focusing period

P bending radius [m], positive from centre towards outside

) "phase angle™ between particle and zero crossing of RF voltage
¢S "phase angle" for synchronous (phase stationary) particle

¥(s) phase advance of the betatron osecillation

Other symbols are defined as they occur.

Coordinate system of particle: (Definitions of s,x,y,z as in Courant and Snyder[l.}**h

s distance along beam axis

X horizontal transverse coordinate, same sign as p

Z vertical transverse coordinate, positive towards sky
y general transverse coordinate

x arithmetic mean of X

<x > r.m.s., value of x )

A prime denotes differentiation with respect to s.

A dot denotes differentiation with respect to time.

*) With these definitions the six-dimensional invariant hypervolume
‘ occunied by the beam is Ve = (m B ¥)? €y €y R S¢ where S¢ is the
area [in (Ap/moc) - ¢ coordinates] occupied by one bunch in the

longitudinal phase plane

*%x)  See page 43 for references
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1.2 First Derivatives

In terms
of g d(cp) dy = dE/Ee = dT/Lo
wanted
- =7 -2, 2 A
i1+ (ep/ine)?177% dlep)/io | ¥ “(y? = 1)772 dy
d'B = dﬁ -3 -1 -3
v 7 d(cep)/io B v dy
Eo1 - 3772 4p Eor(y® - 10772 uy
d(ep) = d(ep) -
Eo v® df Bo A" ay
_ ! 1 "
o = B0 - 5772 ap 11+ (Ea/ep)® i 72 diop)/iio
= dii/Eq = dy
= dT/Eo= BY?* up B d(cp)/Eo
1.5 Logarithmic first derivatives
Iin terms
of dp/B dp/p dr/T dE/E = dy/y
wanted
Y 2 dp/p _ (v® - 1)7" ay/y
dp/B = dp/p y(y + )] ar/n —
dp/p - dy/y (BY)™2 dv/v
dp/p = Y2dp/B dp/p [v/(y + 1)] a1/T % avr/x
d1/1T = Yy + 1) dg/p | (1 + ") up/p a1/t Yy - 17" dy/y
di/E = (Bv)* ap/p g% dp/p -
(1 - y"") di/T dv/y
dy/y = (y® - 1) dg/p | «p/p - dp/p

See page 1 for meaning of symbols.




-6 -

2. ENERGY AVAILABLE IN COLLISION BETWEEN TwWO PARTICLES

By ¥, and 60 measured in the laboratory frame,

2,1 General two-body collision along the same line

1
E, . = (md + mf + 2mymzysy2 (1 - ﬁtﬁz)]/z ’

where f is counted algebraically, and Ec n is the total energy in the

ollle

centre-of-mass frame, i,e. the maximum available energy.

2.2 Two identical particles

i) One particle at rest: By =0, v1 =1

_ Ya o 72
E. n =m (2+2v2) % 2 m (2v2) for >>1 .

-

ii) Two particles having velocities of the same magnitude but of opposite

signi Yi=y2 = y; B = -Pat

Ec‘m. = 2E = 2my .

If a proton colliding with another proton at rest can liberate the
same energy as a collision between two protons with opposite velocities,

its energy is defined by

Yéq=zyz-1:2y’ for vy >> 1 .

iii) Two particles having velocities of the same magnitude but makix\é a small

angle ec:
E = 2E (1 - g% sin® (@ /2)]y2
Come c
X 2E cos (90/2) for g~ 1.
Teq = 2y? cos? (@c/2) -1

124

2y2 cos? (80/2) for y >> 1 .

See page 1 for meaning of symbols



3. MAGNETIC AND ELECTRIC DEFLECTION

3.1 Magnetic deflection

a) Deflection angle ¢ [rad] = BL,/(Bp) = 0.2997925 BL,/p [Tm/GeV/c)]
b) Beam rigidity (magnetic bending radius)
Bp [Tm] = 3.3356 p [GeV/c]

3.1297 py for protons (refer to Table 1.1 for
other expressions)

1

]

c) Sagitta

dy = Y2 €4 tgn (8/4) = 2p sin® (9/4)
2 L

~
~

o+
2

d2 = L2 tan (19/2) = p(1 = cos B)
2
~ 222 _ Lt
~2 T2

3.2 Electric deflection

a) Deflection angle

9 [rad] = arctan (E¢/pB) [10° V/(GeV/c)]

b) Sagitta
d[m] = Et2/28p [10° Vm/(GeV/c)] .



5.3 Comparison of electric and magnetic deflection

For small 4,

B[T] = EA300 B) [MV/m] for the same deflection.

Equivalent deflection for high fields, B = 2T, E = 10 MV/m corresponds
B = Yeo; and, for protons, p = 16VMeV/c, T = 0.13 MeV.

4. SOME FORMULAE FOR s UANTITIES RELATED TO SYNCHROTRUNS

¢

4.1 Mean machine radius

Ry = Co/23 = (1 + k)po, wiiere k is the circumference factor.

4.2 Relations between p, R, B, f, 3 and their derivatives

* )

4e261 P RI P

a) Fundamental eguation

p = epo (R/Ro)

L) cefinition of «

p
FORY (o 10
C!n = ﬁ- -55/ («. :‘5}
H B ¢ /
402,02 £, 3, K

£ o= ge/2m .

4.2.5 befinition of transition energy & = E
t 5 L t oif Lr ion g Ly Xtr o

L {Qﬁ‘i - _l_ - a =20
E =3 =
f\%p i, P

'\‘tr = I/A/(;{: ("’\\: '»3) .

te

w) B is defined on the nominal orbit Co.



4.2.4 Differential relations

Variables Equations
do _ . di  dB
B, v, R p ~Ttr R 7D
dp _ .2 af 2 dR
f, p, R p'“Y f+Yl
2 »
B, f, p a2 L7 Ve dp
2 by i Yer ¥ Y2 p
a3 _ 2 df 2z ) 4l
ﬂ! f' R B =Y f +(\ Ytr) R
4.3 Relation between currents and nusber of particles
a) Number of injected particles in terus of linae current:

In the case ot multilurn injection

N o = . 11 e Tyl
N o= 1,3082 < 10 ntEAEtpRIL/ﬁ [Am ]

where

N is the number of trapped particles in the synchrotron;

Ny is the nunber of injected Lurns;

L, is the linac current [a;

€, is the mean transverse phasc spiace injection efficiency;
gtp is the loncitudinal trsvoing efficicney.
h) Circalating current:

I [A] = (ec/2m(H/R) = 7.6441 x 107" 2 Ng/k [ '] .

Number of charges passing per microsecond = 6,2418 x 10°I [mA ],

or I [mi] = 1.6021 x 107'° x number of charges passing per microsecond.
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ADDITIONAL FORMULAE
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P A R T 11

TRANSVERSE PHASE SPACE
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1. MATRIX FORMULATION OF BEAM DYNAMICS

1.1 General form of matrices with dispersive terms

The general matrix il is defined by

" y Y
E2’52] y! = MB[A) | ¥
3,52 \ :

5p/p)g tp/pf,
1.2 Drift length ¢
L 0
MC = 0 0
0 1
1,3 Dipole magnet
a) Notation and definitions
[3,154]

* See page 43 for references

Magnet
edge
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Fringe field, lincar approximation:

B "
ENU
Y
! { I o
L b
b) Pure sector magnet
(€y = €2 =0, b =0)
cos ¢ p sin ¢ p(1 =~ cos 9)

in horizontal

M; = - &in cos ¢ sin ¢ .| plane (plane
p of deflection)
0 0 1
pd 0
Ms = 0 1 0 in vertical plane
0 0

c) Magnet with parallel faces

1‘1%:((1) Osin¢> dsﬂ{snsms

d) Edge effect with linear fringe field

1 0 0
E tan € € = €4 for entrance
100 }* M o= | — 1 0 :
[4’ ] H P € = €2 for exit
0 0 1
1 0 0
e = €4 for entrance
B _ 1/ —b _ _ \
My = o <§p cos € tan € 10 € = €z for cxit
0 0 1

*) See page 43 for references
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1.4 Gradient sector magnet 7

a) Equation of profile

GREDERE-S

n / Z4

Zo is the half-aperture where p = pa.

Also g[m™'] = - nBo/po [tm~' 1 p =T
= = 3.3356 npo/nd [(GeV/e)n 2] . ° n

b)  Focusing plane

cos Z 1 sin & i (1= cos Z)
vk oK
[3,53] M;: -v¥K sin Z cos Z - sin & ’
VK
0 0 1
. o
where K[m ™ ] = (|n| + 1)/ (horizontal plane)
= [n|/oé (vertical plane)

4

2 VK, ¢, is the magnetic length.

¢) Defocusing plane

cosh g L sinh ¢ L (cosh Z - 1)

VK oX
M[; = | VR sinh 2 cosh & L sinn ¢ ,
; oK
0 0 1
where K[m 2] = (|n] - 1)/0¢ (horizontal planc)
= |nl|/od (vertical plane)

Z = 61:1 vk, tn is the magnetic length

d) Pure quadrupnle lens

The same matrices as in points (b) and (e¢) are uscd, with 1/p = 0

and K[m™27 = 0.2997925 g/po [T /(GeV/c)]
= = n/p§ = g/(Bp) [m™2]
= 0.31952 g/By [Ta~'] for protons.

*)  Valid for coordinate system defined on page 2.



2.

[2,33]
15,551
[1,3]

[1,11]
[2,79]
[6,4]
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DESCRIPTION OF SINGLE PARTICLL MOTION IN A SYNCHROTRON

2.1 Equation of motion
d2x/ds® + Kx(s)x = (ap/p)/o(s)

d%z/ds? . sz(s)z = 0.

2.2 Solution of the equation of motion

y(8) = veB(s)eoslu(s) + £
¥ (8) ==Ve/B(s) ja(s)cos[y(s) + &) + sin[y(s) +81} = Vey(s)eos[x(s)+6]

S

[t

v(s) = [ds/ﬂ(s)
J
[V

B(s)y(s) = 1 + a?(s)
B'(8) = - 2a(s)
tan[v(s)-x(s)] = 1/a(s)

sin[y(s) - x(s)]= - [B(s)x(s)]™ 72
Envelope equation: o
VB" + K(sWB - B 2 = 0

Initial conditions:

m
1}

Y(0)y*(0) + Fo)y'*(0) + 2a(a)y(a)y (o)
cos & = y(o)ANeBlo)

tan & = = [a(o) + B(o)y’ (0)/y(0)]

For y(o) = 0 :

y(s) = y' (0 WB(0)B(s)sin v(s)

¥/ () = = v (0WA(0)/A(s) [ als)sin ¥(s) - cos ¥(s)] .
Q = v(C)/(2m)
Betatron wavelcngth A = 2at/Q
Forn factor F=g  WR.

2.3 Sinusoidal approximation

v(s) ® 2 ms/N =1 2ms/C ; pB(s) RR/Q

y(8) ® Ve R/Q cos(Qs/R + &) .
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2.4 Motion through one period (cell) of length L?_

K(s), a(s), p(s), y(s) are periodic with period Lp,
and y(s + Lp) =vy(s) +u x(s+ l.n) = x(s) + ue

The transfer matrix through one period may be written as

aq, a2 cos u + a(s) sin u B(s) sin u
[1,6] u(s + l'pls) "\ az azz | - v(s) sin pu cos u -~ a(s) sin u
cos u= Y2 (agy +azz2) A B(s) = as2/sin p
y(s) = = azy/sin u a(s) = Y2 (a1 - az2) /sin p .

2.5 Transfer matrix through any section

a) If the Twiss parameters at points sy, sz are (B4, @1, Y1) and
(B2, a2, Y2), respectively, the 2 x 2 transfer matrix from s, to sz

can be written as

: My 4 my2
[1,9] M(sz‘m) = mzy m22 =
\/%f (cos oy + @y sin wy) JB1B2 sin 4y

_ \_|Q + ajap) sin + (ag - a COSA] Jz(cosAlﬁ-asinM/)
[ A Ba : ’

where 4¢ = ¢(sz2) - #{s,).

b) Transformation of the Twiss parameters through a beam transfer section:

/ 2
ﬁz Mygq - 2myymq 2 mfa ﬁ‘
[7,100] 2 | =| = Mzqmy, 1 + 2mq2ma, - myamz2)| ay .
2 . 2
Ye may - 2mzzm21 mzz Y1

tan & = m2/[m1B(s ) - mza(s )]
Example: drift length ¢,

[8,2] B(s2) = p(s4) - 2a(sy)e + y(s4)e?
a(sz2) = a(sq) - y(s4)¢
Y(Sz) = Y(St),

and ¢(sz2) = ¢(s4) + arctan {¢/[B(s,) = a(sy)e ]l
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2,6 Normalization

After a normalisation transformation (Z,) = l(z,) (with n’ = dn/dy),
the transverse phase space trajectories have the form of cireles on which

a phase advance ¢ (8) produces simply a rotation by ¢. Possible trans-
formations matrices:

1
0]
JB(5) » " 1 (0]
M= ; or, when a =0, =
(s) 0 B(s)
ieis HE

3. ELLIPSE REPRESENTATION IN TRANSVERSE PHASE SIPACE (see page 18 for units)

3.1 The Courant-Snyder invariant

y(s)y? + 2a(s)yy’ + B(s)y'? = € = &=,

The largest area contained in the synchrotron is given by the acceptance

2 .
AH,V = r /?max’ where r is the half-aperture of the vacuum chamber at ﬁmax'

3.2 Ellipse parameters

An ellipse centred at the origin of the phase plane is determined by
three independent parameters, Depending on the particular problem, one can

choose one of the following sets:

‘i) Twiss parameters a, 8, Yy and € giving the emittance (see Section 3.1).
These parameters transform with the matrix given in Section 2.5 (b);
ii) the elements c; of a 2 x 2 matrix which transforms by multiplication
with M(sz|sy); (esy - ery’)? + (eay - e2y’)® = €
iii) L, S, and € where L is the ratio of the ellipse axes a/b at the waist,

o

5 is the distance of the waist along the beam (>0 if waist upstrcanm).

The optical transformations from sy to sz are:

L(sy)

[m21 L(St)lz + [m21 S(s4) + mzzla

L(s2)

$(sz) = myymzy L3(s4) + [myy S(s4) + my2][may S(s4) + maz] .

[mzy L(s4)1% + [m21 S(s1) + ma22]?

Conversion from one set to the other is given in Table 3.3.
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3,3 Conversion of ellipse parameters

given : s ca
ay By ¥ € (c; Ca L, S, €
vanted By - 2 =1 € = C1Cq = C2C3
P a - (cqc3 + c2c4)/€ - S/L
(c? + c3)/e L + S%/L
Y Y (c§ +c3)/e 1/L

c3 - afe/p Cs 0

Ca Je/B Ca Je/L

L 1/y €/(c3 + c3) L

- a/y (cics+czca)/(c§ + c?) S

Comments on units:

The equations of Sections 3.1 to 3.4 are valid for either of the two

following sets of units:

i) All leugths in metres, all angles in radians, the emittances

in rad m, L (= y21/ys’ ) in m/rad , S(=y3/y3') in m/rad.

ii) All phase plane dimensions in mm and mrad, emittances in mrad mm,
g = [mm/mrad] if defined as y2/ys' or B = [m] if defined as reduced
betatron wavelength(similarly v = [ mm/mrad], or '], L = { mm/mrad],
S = [mm/mrad] if defined as ys/ys’ or S = [m] if defined as distance

from waist.

N.B.: the values of @, 8, ¥, L and S do not depend on the choice

between i) ana ii).



- 19 -

(1 = ;8 + ,1)/s¢

L= 0Mg/(L - ,8 + ,1)

1 - WM/

[v=q( - Nii H)11/8

Amo - £0 - wo + mov\ﬁ¢ouo + £012)2
L - l/9z/(50 - §9 = 39 + 39)
] n.uwﬁm\Acouo + £040)
[v2 = (L - m_%,.f =v.ou\ﬁA_ - m_w(.+ H)Eo + 29]

3z uen
3z soo

7 uts

(= (1L =+ A0 =+ )P -] | 2 um

1L = Iy + H

(L-yr-v+u)eph=(-w+1+ g

(L-yr+ 1+ ) egp

1 < q/e

q

21+ Nm\mm\(
1/5/
15/

21+ 2S//1/3/'s

21+ 8 13/
B/

3o + muﬂ\Aqouo + €010)

2o + m&}\ﬁ¢o~o + £2t0)

P+ 5/

8/ "
Yop 5
Af3fo - €4
gd/f0 - 3K

g3 EIN

>mw\( VK

w\Amo + mo + wo + mov m» =1

P+ ), =1

1C
L+ 5+ ,1) =—=H
( 2 1) 1 €325 - ¥otdy = 3 L =0 =X
3 € ¢q vo £0 3 A fd ¢p
' 2o [ o)

asdT{12 3y}l Jo satrjaadoad [eoTa}amo’n H°C
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3e4e4 Two ellipses S,,8, with sume area S and centre

Common area Sc is given by

S 4 1
—£ - - arc tan [b - VD2 - 1]/2
S T

where D =% (Bav1 + Y281 - 2a102)

=14 (Lp=Ly)® + (Sp~84)°
2L4L> *

For meaning of a,B,v.L,5 see 3.2 ,

3¢4e5 Three ellipses

&) Arca of ellipse S3, similar to S», such that S

cireitaseribes S1: (area Sy = area Sz= 3)

§S-’t=1)+»/1)2-1

See 3.4.4 for meaning of D

b)  Arca of ellinse 33 circumscribing two cllivses 84,3, of

same, srea S

[

-

1/
:%} = (b + VD2~ 1)’2

Sce Jobe4 for weaning of D
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3.5 Relations between arecas of rcetangles, ellipses and cireles

3.5.1 Rectangle and ellipse

S . . T
_ min ellipse -
bvV2 bI ®inscribed rect. 2
: a
- . .
\\\N Sc1rcumscr1bed recete f
‘i.-.1=_¥ Sellipso ™
aV2
3.5.2 Seni-cirele uand ecllipse
2a
3 S . . 8V3
min ellipse ~ 4 =
3 = '—9— ~ 1.54
seni-cirele
a -
-
2a
V3
-
3.5.3 Two maximum cllipses circumscribed by a cirele
For a non-z:ro septun, sce f9, Fig. 9]
R \/_2_ S . V3
Re C 5 __circle = % 2,60

Smax ellipsc
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[6,19]
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CLOSED ORBIT

4.1 Closed orbit for a momentum decviation Ap/p

The closed orbit for a given Ap/p is given by its phase space co-

ordinates:
/e(s)\ _ Apn/p /[ Mys + Mypllpy = Mpplys \
i - ’
\e’(s) 2(1 - cos p) \mp3 + MpyRy3 = Myamps

the mij being the clements of the 3x 3 transfer matrix through one veriod.

The transformation of the closed orbit vector through the machine is

as in 3ection II.1.1., page 12,

*)

42 Orbit defornations

4e2.1 One and two dipoles

a) One dipole producing a deflection angle @

0.58(s1 )3(s1 )eot(wQ)

v (s1)

y' (s1) = 0.58(s4)[1= a(sy)eot(#Q)] .

The maximurm orbit deviations are

$(5) = 0.59(s1)[B(s1)8(s)] /2 /5in (mQ)

and oceur approximately at distances (in betatron

oscillation phuse) of

Awi ~ + r"-(Q - m) ’ m = 1, 2, 3,0'. < Q .

*) Complete deecoupling between betatron and synchrotron oscillations,

i.e. >> , 1s assumed throughout.

v, v
betatron synchrotron
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Reduction of the deformation by a second dipole

For best reduction between s, and sy of 2 deformation des-
cribed in a), a second dipole positioned at s, and spaced

by Ay should provide a deflection
Y
8(s2) = - cos Ap[B(51)8(s2)172 9(s4).

The remainingz rclative deformations of tihc corrected orbit

are;

between s, and sy ("outside" dipoles):
§c/§ = sin Ay
between sy and s, ("between" dipoles):

»~ ~ 1
yc/y = [eos Ay + 28in? 7Q - cos 2(7Q - AW)]/2 .

4.2,2 Distortions due to random errors

The number of magiet units m is assumed to be

a)

m> 3Q .
r.mes. value of y(s)
m kel g,

<Y> = IBlsin mq] § » Vm °

where 4 is the position error of onc of the m gradient

magnets,

More generally. one hss
o1 = T
> = Waleinma] VBTG Py

where B = (1/C) ¥ B(s)ds and the oquivalent kicks
Jf q

0
Wi are for the various cascs of interest:

*)

See page 43 for references



[11,Fig.2] *)

Tyve of element oouﬁce Teile8e v, Directions
of kick value i
Gradient .
element Displacemnent < Ay > Kiei< Ay > x and z
Bending ms
elements Tilt <aee> z‘?i< Aee > z only
Bending Field crror <AB/D> 9.<AB/B > x only
clements ‘i
Straight
o ) N i o 2
sections Stray field | <4B> ¢, <aB_>/p Binj x and z
R Displacement < Ay > 1
Sradtent and | PSRN D ene otntctan/ys | na
g CLEHCNLS | ¢i51d error <AB/B>

[12,Fig.1]

L) Value ; not cxceeded with a vrobabilitv P

—~ r-—_-‘
oy o 5 |sin my] Y Bs)
yP(") = k(P) L1 + 3 N V2 <y>
with k(P) given by
X P 50% | 75% | 90% | 98%

rectangular vacuum chamber | 1.11 [ 1.41 [1.72| 2.4

elliptical vacuum chamber | 1,28 | 1.63 |1.95 | 2.40

This bracket takes into account the mean influcnce of higher harmonies.




- 25 -

Se EFFECTS OF VARIOQUS FOCWSING PERTURBATIONS ON TH:i FRELUENCY
AND AMPLITUDE OF BLTATRON OSCILLATIONS

5.1 Change in frequency due to tuning of quadrunole lenses or gradient errors

The frequency shift is given by
c

[1,23]* cos(2m Q) - cos(2m Qo) = 0.5 sin(27 (o) f B(s)k(s)ds
0
where 2wQq is the unperturbed phase shiit around the rixit of length C and
k(s) the focal constant of the perturbation(s).

In the case of small frewuency shifts this beoo mes
C
&y = (1/4m) f B(s)k(s)ds ,

0

For m >> Q, random errors in m elements nroduce a shift

N ..1... e 2 M
[1,27] C '\/ ?‘"i(ﬂi K; £)° <¢ >

wherc the symbols arc thc same as in Section 4.2.2, nages 23 and 24.

5.2 Tuning of momcntum dependent fregueney shifts by means of sextunoles

To compensate a shift caused by k(s)=-K(s)ap/p onc nceds(in the case of

an ideal closed orbit) a sextumole field asz/dxzsuch that
0 — asz
]'B(S)i— -3;;'(s)e(s) - Bpk(s) |ds = 0
0

where e(s) is defined in Seetion 4.1 on page 22,

5.3 !MBeating" of amplitudes

The beat factor characterising the amplitude function modified bv gradicnt

errors is

[1,25] G = [B(actual )/ﬁ(ideal)]max .

*)  See page 43 for references
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In practice one is more interested in (A§/§)P = 0.5(G~- 1). Similarly
as for the orbit (Section 4.2.2. Dagé 23) onc has:
- a k(P)[ 1 1 I s 2 _ KK
(ay/y), = s+ T—T———-——T- > . (B, K. £.)° <= > .
P 4L3 91n21rQ_J\;11111 X
5.4 Stopbands due to random gradient errors
The total width of the stopband is
6Q = 2MQ
where the AQ is given in Section 5.1 on page 25.
SPACE CHARGE LIMIT
Symbols:
N : limit of the number of particles in the synchrotron
Bf :  bunching factor (< 1)
blm] :  mean semi-minor beam axis (vertical)
a[m] ¢ mean semi-major beam axis (horizontal)
AR%) 1 Q-9 % QoM
r :  classieal particle radius (= e/ 4T & m‘cz[ev]l,see p. 45)
2h[m] : vertical apcrture of the vacuum chamber

2w(m] : horizontal aperture of the vacuum chamber

2v[m] : height of the magnet gap.

a) Individual particle limit (without neutralization)

Nind

it

- 0.5 7 b(a + )(Rr F)T'FY B AQ])

Q

- (mey AY)(1 + VeH/ev)(rF)"' BY B, Aq,

where

F=1+[ba+b)/n]elt + B(v*- 1)]+ €& B(x* - 1) (2 /v*)}

with €4 ,€2, the image force coefficients given on page 27, and eH,V inrad m .

x)  See page 43 for references
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w/h 1(eircle)| 5/4 4/3 3/2 /1 | o(PEFallel,

plates
€4 0 0.090 0.107 | 0.134 | 0.172 04206
&1 0.5 0.553 0.559 | 0.575 0.599 0.617

For parallel straight pole pieces, and to good apnroximation for
wedged-shaped vnoles, the magnetostatic image coefficients have the values

€2 = 0.411, E> = 0.617.

b) Coherent particle limit (without neutralization)

[13,342]" Nygp = = 7 @ (R r B)™ B¢ B, aQ

where near an integral resonance
F=gl1+B(" - 1] + & B.(Y* - Du*A?
and near a half-integral resonance
[13a,150] F=E&+& By’ - 1) +€ B(yY¥ - Dn*/*

with &4, €2, Ey and E2 as given above.

For nyz >> 1, one has near an integral resonance

-1
Neop ® = ™ Qo n¥ [Rr (8 +& B*A*)] vy Q,

*) 3Sce page 43 for references .
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ACCELERATING VOLTAGE

V sin <ps[kV] - 10> [ ¢(p B+3Bp)- B SF] [m? 1/s]

where the index s refers to the synchronous particle and SF is an egui-

valent area such that B SF is the total flux enclosed by C.

For p = SF = 0, one has
Y sin ¢S[kv] = 0.020958 R p [m(GeV/c)/s]

(see Table I.1.1 for other expressions).

ACCELERATING FREQUENCY

fa[Hz] hf=hedpR/C [8—1]

o BL[TZ, E9|Mev|\2'1 =72

\eo[km?/s)/ _i

(see Table I.1.1 for other expressions).

See Section I.4.2.4, page 9, for differential relatiomns.

SYNCHROTRON OSCILLATIONS

3.1 Equation of motion

(Above transition ¢ should be renlaced by ¢+ 7= 2¢s 3 for transition

sre Seetion I.4.2.3, page 8.)
2 2 L] - . .
a/atl (82 E/m  92) §] = (b e¥/2m)(sin ¢ - sin ¢ )

where E is in keV, 71 = Yf - Y , and Q is the particle angular velocity
on the onlt of lcngth C. To transform to other co-ordinates onc has in

the absence of perturbations

ce
i

h (Qs - Q)

-2
(h Q 7 YtP/R)AR

(h Q n./Bg YS)(Ap/moc)
(h QS T)S//i'sz ES)AE °

Sec page 1 for meaning of symbols
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[14] 3.2 Bucket size
3.2.1

a)

Without space charge effects

Bucket area, (half) height and coordinates

Bucket area

Bucket (half) height

Coordinates

(heV) 2 a(T) (16v/h) (2r B|nl) 72

Y -y,
(heV) 7Y (T)(y/h) (7 E|n|)™72

(&p/moe) = ¢

Y, Y.
(heV)’2 a( 1) (168/m) [E/(2m|n])]"2

5 Y.
(hev) 2y (T)(8/h) [B/(r|n|)]”?

(AE) - ¢

(hev) /2 (D) L6a,R/ (he)](2nEln]) 72

fhev) %Y(F)[R/(Y:Phﬁ)](nﬁlnl y 72

(RR) = ¢

o

(hev)”2 a( T)[168/ (22 1[8/ (2|n )]

nev) 5y (1)s/(n? ) 1(&/ (0 ) 172

(AE/hQ) - o

For a(l') see below and Appendix C;

Y

(half) height AE = (7/2)AB

for n see Section 3.1 on preceeding page.

1
Y(T) = .}m/(s/z—'zn "°)v -0- ?pmu(hev)'/' (p/n)(wnlnl)'/’ #[E and eV in keV

¢ in rad, AR in om]
Ideal adiabatic trapping of a linac beam with % AEL leads to a minimum bucket

b) Bucket width, normalised (half) height and area.(see
Appendix C for numbers)
a(m)y B0, X0 Cfe
R 180°
14 \\~ ’
e NG - 150°
‘ N (D) ¢,
— 124, _..\\, . ~ L 1200 -
\
......... - v.\.\.. | ggo
1.0 N
TR EO) N L 0P
_\ AR ONNN , °
W RN .
KR N\ i - 30°
0.8 - \ - N e
\ AN
- \ ] N, A(T) — 0
- -- 06 - + -30°
I | oo
0.4~ :
-_900
--120°
0.2 :
— - —_—— -—]500
T 0 T T T T T T T Y -180°
10° 20° 30° 40° 50° 60° 70° 80° 0°
' M T T L] ) M T T T T h -
0 [oR} 02 03 04 05 0.6 0.7 0.8 03 0.95 1.0 .
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3.2.2 Reduetion of bucket area due to space charge effects (below transition)

This reduction can be obtaiﬂed from Fig. I1I1.3.2.2, where

_ 2
A ASp.c. = 4mh g, Eo rp N/(ReV ¥°)
with '
(15 3] N = number of accelerated particles
’ g, = 1 + 2 1n (vacuum chamber dismeter/beam diamecter)
rp = classical proton radius
and Eo and eV are in the same units (as are rp and R).
P ! |
] i ! |
)
A+
- N Sp.c |
1.0 ' A } ]
_;. R VAP
0,84 -+~ Py E_DS____-._.._‘L__
i ‘
| o -
0.64-- DY RSy AUSU N N AU A; i ;
b !
e
N i
0.4 . 1 :
| | i i
S S SN 1 ; L
B |
0.2 4 D A R H : e ~
: i ! i
; ! !
o I SR
i . i i
0 ! ! ! ! ! - AA
2 4 6 8 10 12 14
Fig. 111.3.2.2 (A - Asp c)/A = f(A Asp o ) (for constant density in phase sepace)
For ¢, = 0° (and a cos® distribution in real space) one has
N - : .’ X
f18, Asp'c'/i\ = [1- g, ¢h N/(47 €0 ¥2 R V)]/‘.

Appendix 1v]
: where V is in volts.

-
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3.3 Frequency of synchrotron oseillations

In the case of small phase oscillation ampnlitudes around the stable

vhase Pys the equation of motion is
[17,10]* (A$)= 62 -1)5"> c’[sin(¢s+ Ap) - sin ¢s] = (62-1)6"> ¢’ cos o Lo

where 6% =7ny® + 1 = apYz » O =271 Y;; eV/(hko) and eV and Eo are in

the same units. .(Sce Section I1.4.2,3, page 8, for transition.)
The freauency of these oscillations is [eV and Es in same units]
2yo—3 v Y, Y
[17,11] vo = [(1 = 82)73 ¢’ cos ¢S] 2/(2w) = [f:lnIeV cos ¢S/(2ﬂ Esh)] 2,

In terms of the bucket area A [in Ap/ (moe) = ¢ coordinates]:

vo = 4 B 1_|nl/(16E a(r))](]eos o |)72

or
vo = [heh|nl/Gor R v, a(T))1(|cos o_|)7=.
Alternatively
- 1
[16,4] vo = {[eos ¢ /(a*)][c?/(2m B Eo)l(heV)(|1 - ;. DA’ .

3.4 Adiabatic damping of small-amplitude oseillations

v(t) = 1 + [B(t)/B(£0) 12} 72 .

3¢4e1 Phase amplitude [eV and Es in same unita]

1 1
[16,3] ro(t)=DleV(t)cos @S]'/‘ Hi—v;f, Yz(t)l/'f(t)]/‘

where '
D = constant = A(pi[277' R2% En/(h cz)]/‘

with i denoting the initial values.

. D& -2 .2 3 tQ -2 3 '5@
do(t)/no; = [Vi/v()]™ [11-v 2 v*(£)/%(t)] (I1=v . vl

*)  See page 43 for references
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3¢4.2 Energv amplitude

_ 1/4 3 =2 2 1/4
BE(t) = lev(t)eoso 1™ p(E)[y>(t)/11- v v*(t)]]

where .
G = constant = A¢i[E0R/(hc)]fh e2/(2w R? ED)]/4

1 - - - 1
BE(t)/08, = (V7,174 18(6)/8, 1 11- 2 ¥ (DL AP T4 (1= vy ]

3¢4¢3 Radial amolitude

1
()= W[V (t) cos ¢ 17218(t) v()] 7 [¥*(4)/11- ]2 ¥ (e)]%

where ,
H = o9, [v;2 B2/(he)](h c*/(27R"Eo)]"
/R = (8, v, /B()r(t)] [ag,/00(t)] .
DEBUNCHING

4.1 Debunching time

In the absence of RF fields the bean "debunches"*) itself in the
synchrotron (i.e. front end of onc bunch reaches the tail of the next

**)

bunch ahead) after a time
- - -1
ty, & (@ - s9)2m £, [¥* - v L | a/p]

where 2Ap and 2Ap are the total phase and momentum sprecads.
Special cases:
a) Low energy

yZ << Yir 8¢ << 7 (strong damping in linac)

ty, = Y(2f, ap/p)

= y(y+ 1)(2famr/1~)" .

*)  This azimuthal spreading does not involve any reduction of An/p.

#% ) Strictly valid for "reetangular" bunches. For "oval" bLunches more
time may be required in practice.
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b) Well above transition

Y2 >> T2, Ap << 7 (damping in synchrotron)

- 2 -1
tdb = Ytr(zfa Ap/l’)

Complcte overlapping (front end reaches centre of next bunch

ahead) requires Qtdb'

4,2 Travelling distance required for dcbunching
Sap = ¢ P tgp »

For v% << Yfr and A << m , this becomes with 2D = distance between

centre of bunches

Sdb = D/(Aﬁ/ﬂ)o

See Table I.1.1 for other expressions.

See page 1 for meaning of symbols
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P AR T IV

ROUGH EVALUATION OF MAJOR ACCELERATOL SYSTLMS
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1, MAGNETS (non-saturated)

1.1 Bending magnet

a) Excitation current

-1
Ny I[ampere-turns] = B hB/uo[mT/(H m )]
where hg is the (mean) gap height
Ny /(B hB) & 800 smocre-turns/(0.1T x 0,01 m gap height).

b) Inductance

~ N2

2 . .
W = wa + 3 wc (tfor window frame magnet)
Wo=wW_ o+ % hB (for magnet with noles)
where
L aperture between coils, L coil width
w = pole width
p .
68 = the total mognetic length

c) Stored encrgy
Wplis] = B° hy w £./(200) (T2 m3/(H w )]

where w is as in b),

1.2 Quadrupole lens

a) Excitation current per pole

NQI[amnere-turns]= g ré/(ﬂuo) MMu/H m ]

NQI/(g rS) % 400 amperc-turns/[10 T/m)(0.01 m bore radius)?]

b) Inductance

LQ[H] R 8uo MYy (Y, 0x

max

+ 2/3 wc) ZQ/PS

where Ynax is the distance from the lens centre to the coil face

and ZQ is the total magnetic length.
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e) Stored energy

WQ[WS] x g? r‘g Ynax Vmax * 27 wc)l’aq/uo .

1.3 Bending magnet and quadrupole lens excited in series

B = NB x'Qzﬁ vy K/ (0,639 L NQ) , (for protons)

or K =~ (0.6/p) (Ng/Np) (hp/r ) B
where Ty and hB in me
See Section II,1.4.d) for other expressionms.

1.4 Cooling water requirements

To cool a conductor hcated by a power loss N[kW], one needs a water

flow of
~ N _ -3 _ -3 - 2
G le/s] ~ N/(4.2 8t) = 207 v Ay = 1077 v F a7,

where

Atwf°C] is the allowed temperaturc increase

vim/s] is the velocity of the cooling water

AF[mmz] is the flow area

F = AF/dﬁ is the shape factor (= #/4 for round holes)

dh[mm] = 4Ag/perimeter is the hydraulic diamcter.

For turbulent flow the required pressurc drop may be obtained from

125
n)

where Lc[m] = length of conductor,and it is noted that O.IS(W/A)-L75 = 0.28,

” 21 _ 1.75 175
APW[Ag/cm ] =o0.18 L, v /(FS d

If dh is in metres, this becomes for round holes
[4,67]% op, [kg/em®] = 5 107 L v'*7% /a1 +25,

Alternatively, onc has (with somewhat more pessimistic asswiptions about

the pressurc loss)
_ -3 2.71 0.57
Gw[e/s] = 1.25 10 (1 + 0.009 t ) F, dp*"" (P, /L )

where twf°C] is the water temperature.

*)  See page 43 for references
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2, FiilITL~LOADSED RF ACCELERATING CAVITY

2.1

Short

circuit

a)

b)

c)

d)

e)

2.2

Basic quantities

BEquivalent transmission line Cavity cross section

Ferrite

c. Conductors
C

(Lg,Cq ) -I.

Y 4

Effeetive permittivity and permeability

e/[x + (1=-x)e]

€ort

i

Hopp = 1+ x(u=- 1) % ux

where x = 1In(Rs/R2)/In(R3/Ry).

Inductance of ferrite cylindre of length lc

La

fueff Uo 60 In(Rs/Rq ) 1/2m

Capacitance

%

vz eeff €o &c/ln(R;/Rg)
Characteristie impedance
2= L/6)7% = 60lu . fe )72 In(@s/Re)
= Wl = POMert Cerr 3/%4

Wavelength

A

]

1 1
v/e, = /11, (kygy €eff)/z] = ec/[fa(Ld Cd)/E]

Length of cavity

For resonance (assuming negligeable losses)

1/(W0 Cc)= VA tan(2’fr ‘ec/?\.) i.e.

tun(2n'eb/X) = (wo G, 2y,
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=Y.
which becomes for smull arguments with we = (Ld Cc) 2

¢ = \(C,/C )1/2/(27r)
(9 a4’ Ve ¢

2.3 Equivalent resonant circuit

If one knows the couplex cavity admittance

1 1)
Y=6+ jB=(G+ BZ)/2 ed® as a function of

ws one can find Ce from

C0 = (Ge tan ®)/(2Aw)

where the phase angle @ pertains to the frequency

w= w * Aw, and hence
L = (w2cC )_1
e o e *
The relation between the equivalent and the "real" guantities is
as follows (on the basis of B = Be =0; dBAw = dBe/dw for w = wo)

- ai 2 -1
C,=0.5C, +0.5 cd[om (27w Ec/x)]

e
!

-1
= 2Ld <}2ﬂ'€e/k)z {(Cc/cd) + [sin2(2ﬂ'€6/X)]-1i> .

2,4 Longitudinal variation of power loss

p(e) = Py cos2 (2 ¢/\)

P =p, 105+ [0.25 sin(muzc/x)]/(zﬂzc/x)!

where Pﬁax is the maximum loss (occuring at the short circuit) and the

povwer loss per unit volume is assumed to be constant.
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Je VACUUM PRESSURN REQUIRED

The natural growth of the beam cmittanee in either transverse plane

is given by

t1
[19,8 ]* A(eBY)[rad “ﬂ = 0.32 XP[ln(l - mg { ﬁ_eY-‘dt [m Torr s]
0

where X = R/Q, P = nitrogen equivalent pressure and n is the fraction of the

particles contained in the cmittance

n 0.5 0.8 0.9 0.95 0.97

Iin(1 - "l 0.694 1.61 2.3 3.0 3.5

a) For (ﬂ&) = const, one has
v oy s (=1
/' B Ty dt = (By) 1/6(to) - 1/5(ty)
to

+ Infy(t)l1 + Bt (o)1 + B(t0)]} .

b) In the case of sinusoidal execitation of the magnet ficld

“BY ﬁ;

Ve

B(t)v(t)

i
2

dece 09Y)a.c. cos wm t

0.5 (&) + (BY) - [(R) - (Br)]cos wm t ]

' v
one has to good approximation (for 3 %1 and S <¢,1)

t1 v -~ A N 1
/‘ F2 vt at ® a(1/8 + 1/8)/ {200 [V B2 } .
to
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TABLE OF CONSTANTS

Symbols Meaning Value Units
c velocity of light 2,997925 10° ns™"
e electronic charge 1.6021 107'° [
e/m charge to mass ratio for an electron|1.75880 10° cg™'
e/m charge to mass ratio for a proton 9.57896 10* cg™
h Planck's constant 6.6256 1074 Js
) Planck's constant/27 1.0545 10°>**| Js
h/e quantum charge ratio 4.1355 107" |38 ™'
K Boltzmann's constant ( {1.3805 12072 | 3/(°K)
( [8.6171  10™'* Gev/(°K)
my rest mass of deutcron ( [3.3453 10727 kg ,
( [1.87558 GeV/c
m, rest mass of electron ( {9.1091 107> kg
( {5.11006 10™* | GeV/c®
m rest mass of proton ( [1.6725 107*7 kg
P ( {0.93826 GeV/c?
mpﬁme ratio of oroton and electron masses [1.83610 103
r, classical electron radius 2.8178 107'% | ~
rs classical deuteron radius 0.76774 10—“ nm
rp classical proton radius 1.5347 10°'° n
to permeability of free space ( |= 47 x 1077 - -1
( |= 1.25664x10
€o permittivity of free space (= (uoc?y! 2l M~
( |= 8.8542x 10 l

These values are taken from the 48th edition of the CRC Handbook of
Chemistry and Physies. (8till within the limits of errors of the values

given in the 50th edition.)
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APPENDIX B

GAUSSIAN DISTRIBUTIONS

1
Definitions: f(u) = (2W)-/zexp(- u?/2); u’ 1

T
P(t) = [ f(u)du?
-1

One-dimensional density distribution:

o(x) = (2172 o™ expl- x*/(20°)] = o7 1(x/0)

o
o X

Normalization: [ pdx = 1; [ p(x)dx = P(x/c)
-x

—_ oo
Variance: x = [xpax=0
-0
= )2
Standard deviation: x = <x>=0

Two-dimensional density‘distribution (x,z uncorrelated):
o(x,2) = (210102) ™ expl - x2/(207) - 2/ (20))] = (o40) 7 £ (x/00)1(2/02)

Normalization: over the whole plane [[fpdxdz = 1

2 . -
Variances: x- = 0y for any z or for all z; 7 = 07 similarly

The ellipses x"'/ow2 + z"‘/o’zz = v* are lines of constant p with

p = (2noy02 )~ exp(- v* /2); Vo= 2,

Over this ellipse [[fpdxdz = 1 - exp(- v /2)

U, T,V f£(u) P(t) 1-exp(~v*/2) VA2 V2 /2
0 0.399 0 0 0 0

0.5 0.352 0.383 0.118 0.354 0.125
0.674 0.318 0.500 0.203 0.477 0.227
0.707  0.311 0.520 0.221 0.500 0.250
1 0.242 0.683 0.393 0.707 - 0.500
1.414 0.147 0.843 0.632 1.000 1.000
1.5 0.130 0.866 0.675 1.061 1.125
2 0.0540 0.954 0.865 1.414 2.000
2.5 0.0175 0.9876 0.9561 1.768 3.125
2.797 0.0080 0.9948 0.980 1.978 3.912
3 0.0044 0.9973 0.9889 2,121 4.500

© 0 1.000 1.000 © ©
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